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a b s t r a c t
Offshore structures are continuously subjected to dynamic loading from wind and waves which makes
fatigue an important parameter for the structures expected lifetime. Monitoring the vibrations of the
structure using real time operating data enables an assessment of the general health state of the structure.
This paper proposes a method for an accurate full-ﬁeld prediction of the strain history. Experimental
mode shapes are found by the use of operational modal analysis and expanded to strain modes using
a well correlated ﬁnite element model. The measured response from the structure is divided into two
parts using complementary ﬁlters: Low frequency response caused by the quasi-static effect of the waves
acting on the structure, and the high frequency response given by the modal properties of the structure.
The high frequency response is then decomposed into modal coordinates using the experimental mode
shapes. Strain histories are predicted by multiplying the modal coordinates with the expanded strain
mode shapes. The low frequency response is decomposed using Ritz-vectors corresponding to the shapes
that the structure vibrates with due to the wave loading. Strain Ritz-vectors are then extracted from the
ﬁnite element model by applying a load corresponding to a representative wave and the strain history for
the low frequency response is found by multiplying the decomposed signal with the strain Ritz-vectors.
Finally the combined strain history is found by adding the strain histories from the low and high
frequency responses.
To validate the theory tests were performed on a scaled model of an offshore structure where the strain
history was predicted using only the response from the accelerometers.
Ó 2017 Elsevier Ltd. All rights reserved.

1. Introduction
Measuring systems are increasingly being installed on offshore
structures with the purpose of monitoring the current health of the
structure. Offshore structures are often placed in rough environments and the continuous dynamic loading from the wind and
waves makes the structures sensitive to accumulated fatigue. A
weakening of the materials or development of cracks can be critical
to the safety of the structure and a precise estimation of the
dynamic behavior can therefore be of high value.
During the past couple of decades many researchers have been
working within the area of damage detection and Structural Health
Monitoring (SHM) [1]. One of the occurring problems is that many
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offshore structures are reaching the age originally planned in the
design stage, but their current health state is unknown. Structures
like these are very expensive and any increase of their lifetime
could prove signiﬁcant savings for the owners. One of the governed
design parameters is accumulated fatigue which is calculated using
conservative norms and standards. Fatigue calculations are based
on the structures strain history, which is predicted using simulations of the platforms with expected wind and wave loadings.
The framework for these simulations is deﬁned by current norms
and standards which are known to be conservative to some extent.
The actual lifetime of offshore structures therefore might be higher
than the lifetime the structures are designed for.
The strain history can be measured using resistance based
strain gauges or ﬁber optic sensors. But the number of points
where the strains can be measured will be limited due to the high
cost of installing sensors. Furthermore most hotspots are placed
below the water level making it challenging to install sensors on
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existing platform. A methodology for a full ﬁeld strain estimation
using a limited number of vibration sensors could prove valuable
for civil structures subjected to continuous dynamic loading.
In recent years a number of researchers have taken an interest
in the ability to estimate the dynamic response of advanced structures induced with wind and wave loading. In [2] the authors are
investigating the response of a scaled jacket structure mounted
with accelerometers and strain gauges. The experiments are carried out with the model being in air and in water, and the
responses are compared with an analytical model.
The theory of modal decomposition is one of the most widely
used techniques within strain estimation [3–6], and also play a
large part in the proposed technique. Basically the response of a
structure is measured using accelerometers, from which experimental mode shapes can be identiﬁed. The mode shapes are then
expanded to strain coordinates using a well correlated FE model,
and the strain histories can be obtained by multiplying the
expanded mode shapes with the estimated modal coordinates. In
recent years the use of no contact measurement systems has
gained more and more attention. In [7] the response is measured
using 3D point tracking and in [8] using stereophotogrammetry,
both with the purpose of estimating strain histories.
An alternative to the modal decomposition technique for predicting strains is the use of Kalman ﬁltering where the measured
response in limited points of the structure is used as input. In
[9,10] this technique is used to estimate the strains on an offshore
wind turbine using measured accelerations. In [11] the authors use
a similar technique to estimate the strain in an offshore truss
structure.
In [12,13] the authors introduce a methodology for estimating
strain in beams combining experimentally identiﬁed modes shapes
and the Bernoulli-Euler beam theory. An analytical expression for
the deﬂection of the beam between the measuring points is
derived, and by differentiating the expression twice the strain
can be predicted. The methodology is further developed to cover
plates. The same methodology is presented in [14] where the
authors use it to estimate the strain history of a monopole offshore
wind turbine using measured accelerations.
In [15] the authors present a method for strain prediction,
familiar to the method presented in this paper. Here the measured
signal of an offshore wind turbine is divided into 3 different frequency regions: Near static, low frequency and high frequency
regions. Response from the near static region is expanded using
measured strains, since the accelerometers are too polluted with
noise in this frequency range. The low and high frequency
responses are expanded individually using the best performing
accelerometers in each frequency region.
This paper presents a method for full-ﬁeld strain estimation by
combining experimental measurements with a well correlated
Finite Element (FE) model. The measured response is separated
in two parts using complementary ﬁlters. The wave load acting
on the structure will force a quasi-static displacement of the
structure below the waterline, whereas the part of the structure
that lies above the waterline will perform a rigid body movement.
Since the frequencies of the waves are lower than the ﬁrst natural
frequency of the structure, the quasi-static displacement caused
by the waves can be separated from the full signal by low-pass
ﬁltering. This part of the signal is decomposed and expanded
using Ritz-vectors that represent the displacement ﬁgure of the
structure caused by the waves. The displacement of the structure
in the high frequency region is primarily due to the dynamic
properties. This part of the signal can be decomposed using experimentally obtained mode shapes, and expanded using the analytical mode shapes [16,17]. Finally the expanded signals from the
low and high-pass ﬁltered responses are added together to get
the full strain history.

To validate the theory tests were performed on a scaled version
of a typical tripod jacket platform. The structure was mounted with
12 accelerometers on the topside and at the top of the main
column, and with 14 strain gauges on the tripod. A shaker was used
to simulate the wave load. By using the proposed method strain
histories were predicted and successfully compared with strains
measured in the same points.
2. Theory
Normally the dynamic response of a structure is said to follow
the rules of modal superposition meaning that the response can
be described as a linear combination of the mode shapes and
the modal coordinates. However the waves acting on a structure
at frequencies lower than the ﬁrst natural frequency, will only
result in bending in the part of the platform that lies below the
waterline, corresponding to an Operational Deﬂection Shape
(ODS). The part of the structure that lies above the waterline will
move rigidly. When only small displacements occur it is assumed
that 2nd order effects can be neglected. The deformation shape of
the structure due to wave load will in the following be denoted as
Ritz-vectors.
The theory of using Ritz-vectors to analyze the response of
larger civil structures is well known within structural dynamics
where they are often used as an alternative to mode shapes.
Especially the use of force dependent Ritz-vectors can be suitable
for analyzing structures, subjected to horizontal ground acceleration as when a civil structure is subjected to an earthquake [18].
When the structure is excited at its ﬁrst natural frequency it
will move according to its ﬁrst mode shape. Here bending is
assumed all over the longitudinal direction of the structure and
not just below the waterline. Fig. 1 illustrates the difference
between the Ritz-vector and the 1st bending mode. Although the
two shapes look alike, analyses show that there are signiﬁcant
differences when it comes to the strain distribution in the lower
part of the structure.
Figs. 2 and 3 show how the signal from an offshore structure
can be divided into a quasi-static response and a dynamic
response. Fig. 2 shows the Power Spectral Density (PSD) of the
measured signal from an accelerometer (integrated into displacements) placed on the topside of an offshore structure in the North
Sea. The structure in an unmanned tripod jacket structure placed
250 km of the western coast of Denmark. The structure is placed
on approximately 41 m water depth with the highest deck reaching 35 m above the water level. The response at frequencies left
of the vertical dashed line will primarily be caused by the waves,
whereas the response to the right of the dashed line primarily is
cause by the dynamic properties of the structure.
Besides accelerometers, the offshore structure is mounted with
three wave radars of the type WaveRadar Rex. By use of microwave
radar technology, the distance from a ﬁxed point on the platform to
the sea surface is measured at high frequencies and from which the
wave height can be extracted. Fig. 3 shows the PSD of the data
measured with wave radar at the same time as the accelerations
are measured. This conﬁrms the assumption of the quasi-static
and dynamic response. The peak at the quasi-static response at
0.1 Hz, corresponds to the peak at the PSD in Fig. 3, whereas
the value of the PSD is almost zero at 0.51 Hz, where the platform
has its two ﬁrst natural frequencies, implying that the structure is
‘‘free vibrating” at these frequencies.
2.1. Response estimation for the quasi-static response
In order to predict the response in unknown points of the structure in the low-pass ﬁltered response it is necessary to predict the
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Fig. 1. Illustrates the difference between the deformation ﬁgure caused by the wave load and the ﬁrst bending mode shape.

Fig. 2. PSD of the displacements from a tripod structure placed in the North Sea.

Fig. 3. PSD of the wave radar data from a tripod structure placed in the North Sea.

experimental Ritz-vectors, and the corresponding vectors from the
FE model. The analytical vectors can be estimated by adding a
static load to the FE model corresponding to a standard wave,
and using the deformation shape as the analytical Ritz-vector.
The experimental Ritz-vectors are estimated by decomposing the
measured signal in the frequency domain, using an approach
similar to the identiﬁcation technique Frequency Domain
Decomposition (FDD) [19]. The correlation function for the measured signal is found by

With GðxÞ being the spectral density matrix and x being the angular frequency.
Using the Singular Value Decomposition (SVD) the spectral density matrix can be decomposed into singular values and singular
vectors.

RðsÞ ¼ E½xðtÞxT ðt þ sÞ

ð1Þ

With RðsÞ being the correlation matrix and xðtÞ being a vector containing the measured response.
The spectral density matrix is then found by taking the Fourier
transform of the correlation matrix.

GðxÞ ¼

1
2p

Z

1

1

RðsÞeixs ds

ð2Þ

GðxÞ ¼ UðxÞSðxÞU H ðxÞ

ð3Þ

With UðxÞ 2 RNdof Ndof being the singular vectors at each frequency
line and SðxÞ 2 RNdof Ndof being a diagonal matrix with singular values, and with N dof indicating the number of measured responses.
The ﬁrst column in UðxÞ will be an estimate of the experimental mode shapes, when chosen at the peaks in the singular value
plot (see Fig. 2). In a similar way the experimental Ritz-vectors
can be estimated as the ﬁrst column in UðxÞ at the frequency corresponding at the peak in the low-frequency response.Assuming
that the low-pass ﬁltered response is primarily moving as a
combination of Ritz-vectors, the signal can be decomposed by pro-
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jecting the response onto the Ritz-vectors using classical least
squares.

qL ðtÞ ¼ C ya xL;a ðtÞ

ð4Þ

With qL ðtÞ 2 R
corresponding to modal coordinates for the
low-frequency response where N ritz describes the number of Ritzvectors used to decompose the low frequency response. xL;a ðtÞ
denoting the low-pass ﬁltered response at active DOF’s, y denoting
the Moore-Penrose pseudo-inverse and C a 2 RNdof Nritz being the
Ritz-vectors estimated from the singular vectors at frequencies
corresponding to the wave load.
An expansion of the low-frequency response can then be performed by multiplying the corresponding modal coordinates with
the Ritz-vectors from a well correlated FE model.
N ritz

b
x L ðtÞ ¼ DqL ðtÞ

ð5Þ

With D 2 RNFE;t Nritz being the FE Ritz-vector and b
x L ðtÞ being the estimated response. N FE;t indicates the number of translational DOF’s in
the FE model.
The strain response can easily be estimated by expressing the
FE Ritz-vector with strain coordinates instead of translations.

^eL ðtÞ ¼ De qL ðtÞ

ð6Þ

NFE;e N ritz

With De 2 R
denoting the Ritz-vector with strain coordinates
and ^eL ðtÞ being an estimated of the strain response. NFE;e denotes the
number of strain DOF’s in the FE model.
2.2. Response estimation for the dynamic response
The estimation of the signal in the frequency area governed by
the dynamic response is performed using the rules of modal superposition and by expansion of the experimental mode shapes.
Let the vibrations of the structure considered be given as a
linear combination of the structures mode shapes and modal
coordinates.

xðtÞ ¼ AqH ðtÞ

ð7Þ

With A 2 RNdof Nm being the experimentally obtained mode shapes
containing N m identiﬁed mode shapes and qH ðtÞ 2 RNm being the
modal coordinates for the high frequency response.
The experimental mode shapes are expanded using the principle of Local Correspondence (LC). Basically each experimental
mode shape is estimated by a linear combination of a unique cluster of FE modes. A thorough explanation of this technique can be
found in [16,20].
The transformation vector describing the combination of FE
modes needed to estimate the i’th experimental mode is found by.

t i ¼ Bya;i ai

ð8Þ

With Ba;i 2 RNdof Nm;i being the optimal combination of mode shapes
to expand the i’th experimental mode shapes containing N m;i FE
mode shapes and ai 2 RNdof being the i’th experimental mode shape.
The transformation vectors for each experimental mode shape
are gathered in a matrix.

T ¼ ½t 1 ; t 2 ; . . . ; t n 

ð9Þ

Here B 2 RNFE;t Nm;f contains all translation DOF’s in the FE model and
Nm;f modes.
Likewise the experimental strain mode shapes can be estimated
by substituting the FE displacement mode shape in Eq. (10) with
the corresponding strain mode shapes.

b e ¼ Be T
A

ð11Þ

Here Be 2 RNFE;e Nm;f contains all strain DOF’s in the FE model and
Nm;f modes.
The modal coordinates are easily estimated by use of general
least squares.

b H ¼ Aya xH;a ðtÞ
q

ð12Þ

b H 2 RNm being an estimate of the modal coordinates for the
With q
high frequency response.
And the response can be expanded by substituting Eq. (10) into
Eq. (7).

bq
b
b H ðtÞ
x H ðtÞ ¼ A

ð13Þ

And similar to Eq. (6) the strain histories can be estimated for the
high-pass ﬁltered response.

beq
b H ðtÞ
^eH ðtÞ ¼ A

ð14Þ

2.3. Combining low and high pass ﬁltered signals
In the two previous sections the framework for expanding the
measured signal for the low and high-pass ﬁltered responses is
shown. If complementary ﬁlters have been used to separate the
measured signal, and the structure is assumed to have a linear
behavior, the combined signal is simply found by adding the
expanded low and high-pass ﬁltered signals.
For translations

b
x H ðtÞ
x ðtÞ ¼ b
x L ðtÞ þ b

ð15Þ

For strains

^eðtÞ ¼ ^eL ðtÞ þ ^eH ðtÞ

ð16Þ

2.4. Quality measures
To be able to compare experimental modal parameters with the
modal parameters from the FE model, and to validate the quality of
the estimated strain response, different quality measures are
introduced.
The Modal Assurance Criteria (MAC) [21] is used to measure the
correlation between the mode shapes identiﬁed from the tests and
mode shapes from the FE model.

MAC i ¼

ðAHi;a Bi;a Þ

2

ð17Þ

ðAHi;a Ai;a ÞðBHi;a Bi;a Þ

The Time Response Assurance Criterion (TRAC) [6] and the
Frequency Response Assurance Criterion (FRAC) [22], are used to
measure the quality of the estimated strain response.
2

The transformation vectors t can have different sizes dependent on
how many FE modes there are used to expand the given experimental mode. The transformation matrix T 2 RNm;f Nm with N m;f modes
corresponding to the highest FE mode used in the expansion. All
‘‘blank” entries in T are replaced with zeros.
The experimental mode shapes are expanded by.

b ¼ BT
A

ð10Þ

TRAC i ¼

ðei ðtÞT ^ei ðtÞÞ
ðei ðtÞT ei ðtÞÞð^ei ðtÞT ^ei ðtÞÞ

FRAC i ¼

H
ðei ðf Þ ^ei ðf ÞÞ
H
H
ðei ðf Þ ei ðf ÞÞð^ei ðf Þ ^ei ðf ÞÞ

ð18Þ

2

ð19Þ

With ei ðf Þ being the complex Fourier transform of the measured
strain signal.
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TRAC and FRAC values close to 1 means the estimated strain signal is well correlated with the measured signal. However whereas
the TRAC and FRAC measures are useful to see if the measured and
estimated strain signals are following the same ‘‘vibration shape”,
they do not take any amplitude errors between the two signals into
account.
To compensate for this a third quality measure is introduced.
Here the error is measured in the time domain as the weighted
two-dimensional Euclidian norm.

Et;i ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PK
2
1
^
n¼1 ðei ðt n Þ  ei ðt n ÞÞ
K
maxðei ðt n ÞÞ

100%

ð20Þ

With K being the total number of samples in the time series, and

ei ðtn Þ being the n’th sample in the time series.

Here an error close to zero will mean perfect correlation
between the measured and estimated strain signal.
3. Experimental tests
To validate the theory tests were performed on a scaled model
of an offshore tripod jacket structure. The model was mounted
with accelerometers on the topside and main column and strain
gauges on the tripod.
3.1. Test setup
The model was constructed as a 1:50 geometrical scaled version
of a tripod jacket structure. The scaling was performed using
geometrical similitude criteria and Buckingham Pi’s theorem.
However, limitations in terms of force and frequency range of
the shaker, had inﬂuence on the choice of material and thickness
of elements. The main purpose of the model was to reconstruct
the mode shapes of the prototype, and thereby ensuring that the
model had the same dynamic characteristics. A photograph of
the model and a sketch showing the main dimensions of the model
are shown in Figs. 4 and 5 respectively.
The model was constructed in polymethyl methacrylate
(PMMA) where all joint were glued. The Young’s modulus of
elasticity was determined to 3900 MPa by initial testing and the
material has a density of 1200 kg/m3. A horizontal plate was
attached to the bottom of each of the three vertical legs on the
tripod and the plates were connected to a ﬁxed plane with clamps
to create ﬁxed support conditions. Metal bolts were glued to the
lower and middle deck, to make a more realistic mass distribution
in comparison to the prototype.
Initial testing showed problems with local modes in the decks
on the topside, which inﬂuenced the modal identiﬁcation analysis.
Since the main focus in this project was the estimation of strain
histories under water level, it was decided to strengthen the bending stiffness of the decks by gluing small beams across the diagonal
of the decks. This solved the problem with the local modes and
tests before and after showed the increase in bending stiffness
did not change the strain distribution on the lower part of the
model.
The model was mounted with 12 B&K 4508-B-002 uniaxial
accelerometers that were placed on the topside and on the top of
the main column. Further 14 HBM 1-LY11-0.3/120 strain gauges
were placed on the bottom of the main column and on the tripod.
Data was acquired using NI9134 and NI9135 DAQ modules and the
sampling rate was set to 1651 Hz. Figs. 6 and 7 shows the placement of the accelerometers and strain gauges.
A B&K 4809 shaker was used to simulate the force from waves
acting on the structure. The shaker was applied to the structure
using a 1.2 mm stinger and force was applied from different
directions. To resemble the dynamic behavior of the prototype a

Fig. 4. Photo of the model in the lab.

Fig. 5. Main dimensions of the model.
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Fig. 8. Plot of singular values from the offshore structure.

Fig. 6. Position of accelerometers on the topside and main column of the model.

Fig. 9. Plot of singular values from the scaled model with active shaker.

Fig. 8 shows the singular values from the FDD analysis of the
offshore platform and Fig. 9 shows the singular values of the FDD
analysis of the scaled model. The two plots show a quite good
resemblance of one another which veriﬁes that the dynamic
behavior of the model is close to the dynamic behavior of the structure. It is though obvious that the damping properties of the PMMA
are higher than for steel given a slightly more broad banded
response for the scaled model.
3.2. Results from OMA

Fig. 7. Position of strain gauges on the main column and the tripod. All strain
gauges are measuring in the longitudinal direction of the element on which they are
attached.

JONSWAP spectrum was used to generate random wave heights
and the shaker was programed with a load corresponding to the
wave elevation.

Modal parameters from the model were identiﬁed using the
Time Domain Poly Ref. [23] (TDPR) identiﬁcation technique and
veriﬁed using the FDD [19] method. Tests were performed both
with and without the shaker attached to evaluate how this inﬂuenced the modal parameters. The sample time was set to 60 s.
Table 1 shows the frequencies for the ﬁrst 5 modes using FDD
and TDPR respectively. Fig. 10 shows the ﬁrst 5 mode shape for
the case where the shaker isn’t attached to the structure.
The 2 ﬁrst modes are the ﬁrst bending modes in x- and
y-direction. These have almost identical frequencies due to the
almost symmetrical structure. The 3rd mode is a torsional mode,
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Table 1
Frequencies obtained from the OMA for the ﬁrst 5 mode – FDD and TDPR respectively.

FDD [Hz]
TDPR [Hz]

Mode 1

Mode 2

Mode 3

Mode 4

Mode 5

9.67
9.90

9.88
9.99

23.18
23.20

64.98
65.87

70.94
72.73

Fig. 10. First 5 mode shapes of the model identiﬁed using FDD.

and the 4th and 5th modes are the second bending modes. The frequencies for the ﬁrst 5 modes are almost identical with and without the shaker attached to the structure. The same goes for the ﬁrst
3 mode shapes. The 4th and 5th mode shapes are inﬂuenced significantly depending on whether the shaker is attached in the x- and
y-direction, since the stinger is attached near the area where the
main column has its largest deﬂection.
4. Finite element model
An FE model of the structure was created in Nastran/Patran. The
FE model was updated with respect to the modulus of elasticity
using the ﬁrst three natural frequencies and mode shapes as target
parameters.
4.1. FE model
The FE model (see Fig. 11) was constructed using both bar and
shell elements. The main column, the 3 vertical legs on the tripod
and the slabs on the topside were modelled as shells using QUAD4
elements. The sloping legs on the tripod, the cow horns and columns and braces on the topside were modelled as bars using
BAR2 elements. All connections between bar and shell elements
were made using Multi Point Connections (MPC) to ensure that
concentrated forces from the bar elements weren’t transferred to
a single point on a shell element. As supports the bottom of the
three vertical legs on the tripod was ﬁxed for both translations
and rotations.
All elements were created with the same geometry and material
properties as the model, with the exception of the slabs on the topside. Like the initial test results, the FE model had local modes at
the decks on the topside. Although these didn’t have inﬂuence on
the strain distribution on the lower part of the model, it was
decided to modify the FE model so it matched the test results,
where the bending stiffness of the decks was increased. This was
done by model the small cross beams attached beneath the lower
deck, so the FE model matched the physical model.
The 5 ﬁrst translational modes were calculated using a
Lanczos solver and used in the analysis. The strain mode shapes

Fig. 11. Picture of the FE model. Purple circles indicate the MPC elements. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this article.)

were calculated using the translational modes as forced displacement one at a time, and then performing a static analysis of the
FE model.
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4.2. Ritz vectors
In the experimental tests a crude approximation of a wave force
acting on the model was simulated using a shaker moving with a
random wave load. The shaker was attached to the model with a
1.2 mm steel stinger just above the sloping braces on the tripod.
The corresponding analytical Ritz-vectors were created by adding a point load to the FE model in the same point as the stinger
was attached. The deformation Ritz-vectors were extracted as the
deﬂections of the model resulting from a static analysis of the point
load acting on the structure. The strain Ritz-vectors were calculated using the same methods as the strain mode shapes. The
deformation Ritz-vectors was used as ﬁxed displacements in the
FE model, and a static analysis was performed. The resulting
strains in all elements were used as the corresponding strain
Ritz-vectors.
Theoretically one Ritz-vector would be enough to describe all
the movement of the structure in the low-frequency range, since
the shaker is only acting in one direction. This would in principle
result in the same deﬂection shape for the model only varying in
amplitude as a result of the varying load from the shaker. However
initial tests showed that even though the force is only applied in
one direction, the model also showed small movements perpendicular to the direction of the shaker. This was mainly due to the ﬂexibility of the stinger. To ensure that movements away from the
principal direction of the shaker could be modelled, two Ritzvectors were always used in the post processing analysis. One
Ritz-vector as the result of a point load in the direction of the
shaker, and one as the result of a point load perpendicular to the
principal direction of the shaker.

Fig. 12. TRAC and FRAC values for measured and predicted strains.

4.3. Correlation with experimental results
The FE model was updated with respect to the module of elasticity using the ﬁrst 3 natural frequencies and mode shapes as target parameters. The correlation between test results and the modal
parameters extracted from the FE model can be seen in Tables 2
and 3.
Table 2 shows that the frequencies from the FE model match
the test results quit well all being in the span of 1.5% to 6.7% error.
Likewise Table 3 shows that good correlation of the mode shapes
with MAC-values above 0.94 for all 5 displacement mode shapes.
However the results from the correlation of the strain mode shapes
show more inaccuracies than the displacement mode shapes.

Table 2
Natural frequencies for FE and experimental modes.
Mode #

1

2

3

4

5

Frequency – Test:
Frequency – FE:

9.90
10.12

9.99
10.17

23.20
24.87

65.87
65.13

72.73
71.69

Table 3
MAC-value for FE and experimental modes for both displacements and strains.
Mode #:

1

2

3

4

5

MAC – Displacement:
MAC – Strain:

0.997
0.988

0.998
0.982

0.994
0.812

0.979
0.972

0.949
0.893

Table 4
MAC-values for FE and experimental Ritz-vectors for both displacements and strains.
Direction:

x-dir

y-dir

MAC – Displacement:
MAC – Strain:

1.000
0.989

0.882
0.712

Fig. 13. Absolute error for measured and predicted strains.

Mode 1, 2 and 4 are still well correlated with MAC-values above
0.98. The lack of correlation in comparison to the displacement
mode shapes is mainly due to the lower Signal to Noise Ratio
(SNR) on the measured strain signal which inﬂuences the identiﬁcation of the modal parameters. Mode 3 only reaches a MAC-value
of 0.81, which is mainly due to the placement of the strain gauges.
This is the ﬁrst torsional mode which will only result in very little
longitudinal strain in the elements on the tripod, where the strain
gauges primarily are placed. The placement of the strain gauges
made it hard to get an accurate estimation of the 3rd experimental
strain mode shape.
Even though the MAC-value originally was invented to measure
the correlation of mode shapes, this can also be used to measure
the correlation of the Ritz-vectors. The results are shown in
Table 4.
The MAC-values shows good correlation for the x-direction
which is the direction that the shaker is attached. The energy of
the signal in the y-direction is limited which causes the lack of correlation. The Ritz-vector in y-direction is in this case extracted as
the 2nd singular vector from Eq. (3).
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Fig. 14. Shows the measured (blue) and estimated (red) strain signals for channel 6
(largest error). (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)

Fig. 15. Shows the measured (blue) and estimated (red) strain signals for channel
14 (smallest error). (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this article.)

Although the ﬁrst two mode shape and the two Ritz-vectors are
highly correlated in terms of displacement, this is not the case
when it comes to the strain distribution. Calculating the MACvalues between the ﬁrst mode shapes and their corresponding
Ritz-vectors in terms of strains, yields 0.68 and 0.69 respectively.
This only emphasizes the difference between the quasi-static and
dynamic response, and the necessity to split up the response.

5. Results
A wide variety of tests were performed on the model, using different excitation methods, different shaker orientations, etc. But
primarily the results presented are focused on two different cases.
In Case 1 the structure was only excited by random loading. In Case
2 a shaker was attached to the main column of the model to
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Fig. 16. PSD of the measured (blue) and estimated (red) strain signals for channel 6
(largest error). (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)

Fig. 17. PSD of the measured (blue) and estimated (red) strain signals for channel
14 (smallest error). (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this article.)

simulate a wave load. In both cases only the information from
the accelerometers was used to estimate the strain history in the
model. The signals measured using the strain gauges were only
used to validate the estimated strain history.
Case 1 focuses on the theory regarding the dynamic response of
the structure, and the strain histories are estimated by expanding
the experimental translational mode shapes to strain coordinates.
Case 2 combines the quasi-static and dynamic response, hence
the theory regarding the Ritz-vector are used in the low frequency
response. For both cases all 5 experimental modes where used to
estimate the modal coordinates.
All of the results presented in this section are comparisons
between measured and predicted strain response. As part of the
post-processing all measured signals were bandpass-ﬁltered
between 2.5 Hz and 80 Hz to remove any low frequency noise near
DC and any response higher than the 5th mode, as this was considered not to have any inﬂuence on the strain response, which primarily is represented by the ﬁrst 5 modes.
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Fig. 18. Left: Rain ﬂow counts for channel 6. Right: Strain cycles for channel 6.

Fig. 19. Left: Rain ﬂow counts for channel 14. Right: Strain cycles for channel 14.

5.1. Case 1: random load
In this case the model was excited by a person gently brushing
the model in an attempt to create as broad banded excitation as
possible. The shaker was not attached to the model. Generally this
was done to validate the theory for high frequency response given
by Eqs. (7)–(14). This load scenario would more or less be equivalent to a wind load acting on the structure. Only the accelerometers
on the topside of the structure were used to predict the strain
history.
Fig. 12 shows the TRAC and FRAC values for the measured and
estimated strains, for all 14 strain gauges and Fig. 13 shows the
absolute error. Figs. 14 and 15 show a fraction of the time series

for channel 6 and 14 respectively, as these were the channels with
the highest and lowest absolute error. Figs. 16 and 17 likewise
show the PSD of channel 6 and 14.
In general the strains are estimated quite well with TRAC and
FRAC values all above 0.99 and the absolute error varying from
1% to 3% and with a mean error of 1.90%. This indicates that the
dynamic behavior of the structure can be decomposed using the
modal parameters and can be expanded to strain histories. Figs. 16
and 17 shows an underestimation of the predicted strains at the
frequencies above 15 Hz. However, this is not seen as an error in
the prediction but rather due to that the noise ﬂoor of the strain
gauges are higher than for the accelerometers. It could be argued
that the predicted strains in this frequency region have a higher
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Fig. 20. TRAC and FRAC for measured and predicted strains.

Fig. 21. Absolute error for measured and predicted strains.

precision than the measured. Since all 14 estimated strain signals
show a good correlation with the measured signals, it is reasonable
to assume that a precise full ﬁeld strain prediction of the dynamic
response can be performed.
One of the governing factors when designing offshore structures
is fatigue, which can be determined using Miner’s Rule for accumulated damage [24]. Here the strain history is divided into intervals,
and the number of cycles within each interval is counted – this is
also known as rain ﬂow counting. The precision of how well the
strain history in terms of rain ﬂow counting is predicted is therefore closely related to the accuracy of the general state of the structure, when focusing on fatigue.
Figs. 18 and 19 show the strain signal in terms of rain ﬂow
counts and strain cycles in loglog scale for channel 6 and 14 respectively. Rain ﬂow counts for all 14 channels can be found in Appendix A.
Both Figs. 18 and 19 show good correlation between measured
and estimated strains. The slightly larger error for channel 6 is
mainly due to the underestimation of the lower strain due to the
higher noise level in the strain gauges. Fig. 16 also shows a minor
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Fig. 22. Shows the measured (blue) and estimated (red) strain signals for channel 1
(smallest error). (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this article.)

Fig. 23. Shows the measured (blue) and estimated (red) strain signals for channel 6
(largest error). (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)

underestimation of the strains in the frequency region around the
ﬁrst two modes. This is most likely because the given strain mode
shape coordinate has been expanded to a slightly higher value than
it should be. This can also be explained by small errors in the identiﬁed mode shape, which are used to estimate the modal coordinates. However, all 14 channels show a good correlation between
the measured and predicted strains.
5.2. Case 2: wave load
In this case a shaker was attached to the model to simulate a
wave load, while a person was gently brushing the model to have
a broad banded excitation equivalent to a wind load. Here the
strains were predicted by decomposing and expanding the signal
using both Ritz-vectors and the modal parameters. The results presented below are where the shaker is attached in the x-direction.
However multiple tests were performed with the load applied in
different directions, all showing more or less the same results.
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Fig. 24. PSD of the measured (blue) and estimated (red) strain signals for channel 1
(smallest error). (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this article.)

loglog scale, which is seen for channel 1 and 6 in Figs. 26 and 27.
Plots of rainﬂow counts for all the channels can be found in
Appendix B.
Fig. 26 shows that the estimated strain history resembles the
measured strains quite well for both small and large strain cycles.
This is the common picture for those of the 14 strain gauges with
the highest variance – see Appendix B. However, the error between
measured and estimated strain histories has a tendency to rise as
the variance of the signal gets lower, which is illustrated in
Fig. 27. Here it is clear to see that there is an under estimation of
the lower strain cycles, which again can be explained by the lower
noise ﬂoor of the accelerometers in comparison with the strain
gauges. Further, there is a tendency towards the larger strain cycles
being slightly overestimated for this channel. The supposed reason
for this inaccuracy is that the Ritz-vectors in this point can be difﬁcult to estimate and therefor doesn’t exactly represent the
dynamic behavior in the quasi-static region of the frequency spectrum. The load that is simulating the wave forces is in this experiment applied unidirectional by a shakes in a single point. Likewise,
the Ritz-vectors used for expansion are extracted from the FE
model where a point load has been applied. However, ﬂexibility
in the stinger, connecting the shaker and the model can have
caused small discrepancies between the Ritz-vectors extracted
from the FE model, and the Ritz-vectors in which the structure is
vibrating. This would explain why channel 1 (where the vibrations
are mainly governed by the mode shapes – see Fig. 24) is very well
estimated, in comparison with channel 6 (where the vibrations are
mainly governed by the wave load – see Fig. 25) shows slightly
more inaccuracies.

6. Discussions and further works

Fig. 25. PSD of the measured (blue) and estimated (red) strain signals for channel 6
(smallest error). (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this article.)

Fig. 20 shows the TRAC and FRAC values for measured and estimated strains for all 14 strain gauges and Fig. 21 shows the absolute error. Figs. 22 and 23 show a fraction of the time series for
channel 1 and 6 respectively, as these were the channels with
the lowest and highest absolute error. Figs. 24 and 25 show the
PSD of the two channels.
Looking at Figs. 24 and 25 it is clear to see that the signal in
channel 1 is mainly inﬂuenced by the movement of the ﬁrst two
mode shapes, whereas the movement in channel 6 is mainly inﬂuenced by the induced wave load. This emphasizes the necessity to
divide the signal into quasi-static and dynamic regions.
The results show that the more complicated loading applied to
the model makes it hard to obtain the same precision level of the
estimated strain response compared to Case 1. However, the
strains are still estimated with high accuracy with TRAC and FRAC
values all being above 0.96 and with an average absolute error of
5.53%.
Again the comparison between measured and estimated strains
is performed in terms of rain ﬂow counting and strain cycles in

The work presented in this article should be seen as a ﬁrst step
towards a general framework for fatigue monitoring of offshore
structures. The work shows promising results regarding estimation
of the strain history in unknown points. However some parts of the
study are interesting to discuss in order to further develop the
method.
The main idea presented is that it can be assumed that vibrations of an offshore structure like the tripod-type platform can
be divided into a response connected to the quasi-static load from
the waves and a response connected to the dynamic properties.
Figs. 2 and 3 illustrate this showing the singular values of the
decomposed spectral matrix and a PSD of the wave radar respectively. There is a clear correlation between the peaks in the wave
radar PSD and a peak at the same frequency line in the plot with
singular values. Furthermore the ﬁrst three mode shapes are
clearly identiﬁed at higher frequencies. This prompts the idea of
expanding the low frequency response using Ritz-vectors and the
high frequency response using mode shapes.
Ideally the theory presented should be validated using onsite
strain measurements. However strain measurements, as presented
on the scaled model, have not been available and onsite instrumentation would be extremely expensive and out of the scope of
this project. The idea of using a shaker for generating a wave load
causes uncertainties. This is clearly a generalization since a real
wave would result in loads distributed over the structure from
the seabed to the waterline, and not in a single point. The load proﬁle from a wave passing an offshore structure would depend on the
wave height, the general sea state, water level, wave direction, etc.
Should the theory be applied to a full scale structure it would be
necessary to work with multiple Ritz-vectors mapping different
wave scenarios. The general idea is to let the wave radar provide
feedback to the algorithm regarding wave height and orientation,
and this in combination with the measured accelerations and

A. Skafte et al. / Engineering Structures 136 (2017) 261–276

273

Fig. 26. Left: Rain ﬂow counts for channel 1. Right: Strain cycles for channel 1.

Fig. 27. Left: Rain ﬂow counts for channel 6. Right: Strain cycles for channel 6.

strains, should provide the basis of decision for which Ritz-vectors
that are most suitable for expanding the low frequency response.
Another aspect that would require further investigations if the
technique should be applied on a real offshore structure, is the limitation of accelerometers in the lower frequency region. On the
scaled model the frequencies are higher and standard accelerometers are sufﬁcient to measure the response properly. However, the
wave force acting the offshore structure can be at frequencies
lower than 0.05 Hz. This requires accelerometers that have a good
signal-to-noise ratio in this frequency region. Especially when it is
taken into account that any low-frequency noise can be ampliﬁed,
when the measured accelerations are integrated into displacements. One way to overcome this problem is to combine

accelerometers with GPS-sensors [5]. GPS-sensors are often superior in the low-frequency region, in contrary to accelerometers
which are superior in the high-frequency region. Another option
would be to use ﬁber optic strain sensors instead of accelerometers, and perform the expansion from the measured strains. Fiber
optic sensors have a good signal-to-noise ratio and do not have
the same problem with noise in the low-frequency region, as is
the case with accelerometers. This would though require that the
sensors were mounted to the structure before it is installed, as
installation when the structure is placed in the ocean would be
nearly impossible (or at least extremely expensive).
Plans for further work on the considerations described in this
paragraph are initiated, and the general idea for the next step in
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Fig. 28. Plots of rain ﬂow counts for all 14 strain gauges for Case 1. Blues bars are measured strains, and red curve is estimated strains. (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 29. Plots of rain ﬂow counts for all 14 strain gauges for Case 2. Blues bars are measured strains, and red curve is estimated strains. (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this article.)
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this project is to perform tests on an instrumented scaled model
placed in a wave fume. This will allow for a further investigation
in a more realistic loading scenario. It will further provide information on how the measured wave height can be used to optimize the
expansion.
Another interesting subject for future works is to develop the
theory of using Ritz-vectors for expansion of the low frequency
response for structures subjected to thrust load from the wind.
The tripod structure presented in this paper is not signiﬁcantly
affected by thrust loads, and the subject has therefore not been
treated. However, other offshore structures like wind turbines,
can be highly inﬂuenced by thrust loads from the wind which must
be taken into account when estimating the accumulated fatigue.
These loads often occur at frequencies lower than the natural frequencies of the structure, and will not always excite the structures
modes. An interesting idea would be to see if the theory of
Ritz-vectors could be used to expand the low-frequency response
subjected to thrust load.
7. Conclusion
This paper presents how the response of an offshore structure
can be divided into two parts: The low frequency response from
the quasi-static effect of the wave load, and the high frequency
response from the dynamic properties of the structure. It is further
demonstrated how strain histories below the waterline can be
estimated using accelerations measured on the topside of the
structure. The low frequency response is expanded using the
quasi-static Ritz-vectors, and the high frequency response is
expanded using modal decomposition. The theory is validated by
performing tests on a scale model of the offshore tripod jacket
structure. The model was mounted with 12 accelerometers on
the topside and main column, and 14 strain gauges on the tripod.
Tests were performed both with and without a shaker simulating
a wave load, and in both cases the strain histories were
predicted with high precision, using only the information from
the accelerometers.
Appendix A
Plots of measured and estimated strains in terms of rain ﬂow
counts for all 14 strain gauge channels for Case 1 (see Fig. 28).
Appendix B
Plots of measured and estimated strains in terms of rain ﬂow
counts for all 14 strain gauge channels for Case 2 (see Fig. 29).
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